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Abstract. We prove quasiminimality of the regular mixed Tsirelson spaces 
T[(S n ,0n)n] with the sequence (l^-)n decreasing, where = lim n 6„ , and 
quasiminimality of all mixed Tsirelson spaces T[(A n ,8 n )n]- We prove that 
under certain assumptions on the sequence (9 n ) n the dual spaces are quasi- 
minimal. 



Introduction 

Mixed Tsirelson spaces form an important class of spaces in the theory of Banach 
spaces extensively studied with respect to their distortability, local structure as well 
as minimality properties. 

Recall that an infinite dimensional Banach space X is minimal, if any closed 
infinite dimensional subspace of X contains a further subspace isomorphic to X. 
A infinite dimensional Banach space X is quasiminimal, if any two infinite di- 
mensional subspaces Y, Z of X contains further two infinite dimensional subspaces 
Y' C y, Z' C Z which are isomorphic. The use of Ramsey theory in the fa- 
mous Gowers' dichotomy inspired studies on minimality and related properties, 
e-g- [HI H21 HO] , in particular in mixed Tsirelson spaces, cf. also O HH [T7] . 

We recall here briefly results concerning minimality properties of mixed Tsirelson 
spaces. The famous Schlumprecht space S = T[(A n , l/log 2 (ri + 1))„] is comple- 
mentably minimal by [3], i.e. any closed infinite dimensional subspace of S con- 
tains a complemented copy of the whole space. This result was proved also for a 
class of superreflexive spaces extending the construction of S in [5] and for certain 
types of mixed Tsirelson spaces T[(Ak n , n )„] in [T7]. On other hand Tzafriri space 
T i(-An, 2^)n] is not minimal [12]. 

In the original Tsirelson space T[<5>i,l/2] every normalized block sequence is 
equivalent to a subsequence of the basis. In context of mixed Tsirelson spaces 
T[(Sk n ,O n ) n ] a more general property - subsequential minimality - was studied. 
A space with a basis is called is sub sequentially minimal, if any block subspace 
contains a normalized block sequence equivalent to a subsequence of the basis. In 
[14] it was proved that if a regular sequence (9 n ) satisfies the condition (*): 

lim lim sup '" + " > 

m n On 

then the mixed Tsirelson space X = T[(S n , 6 n ) n ] is subsequentially minimal if and 
only if any block subspace of X admits an l\ — spreading model, if and only 
if any block subspace of X has Bourgain l\— index greater than In particular 
X is complementably subsequentially minimal if sup^" = 1 |17| . i.e. subspaces 
shown to be isomorphic to subspaces generated by subsequences of the basis are 
complemented in the space. In [13] analogues of these results were studied in the 
partly modified setting, in particular it was shown that a partly modified mixed 
Tsirelson space is subsequentially minimal provided sup$n = 1- Also in [13] a 
large class of mixed Tsirelson spaces failing the subsequential minimality in a strong 
sense was described. 
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In the paper we study p— spaces T[(A n , 9 n )n], as defined in (TJj, as well as mixed 
Tsirelson spaces T[(S n , 9 n ) n ] showing quasiminimality of all spaces of the first type 
and regular spaces of the second type provided the sequence (fg-) n is decreasing, 

where 9 = lim„ 9l/ n , and we consider related properties. Notice that for the spaces 
of the second type, in case 9 < 1, the monotonicity of the sequence (|s-)„ excludes 
the condition (*) of [14] mentioned above. 

In the study of spaces of both types special averages provide the major tool. In 
case of p~ space we show that £ p is finitely block represented in all block subspaces of 
any p— spaces, i.e. p is in Krivine set of all block subspaces of a p— space. Equivalent 
block sequences in these spaces are formed by long averages of £ p — averages. 

In case of mixed Tsirelson spaces of type T[(S n , 6 n ) n ] we use special averages, 
whose properties were studied in [2], vectors of the same type as special convex 
combinations used in [H In this case, thanks to the higher complexity of the 
families (S n ) n , equivalent sequences are formed by long special averages (not av- 
erages of special averages, as it is in p— spaces case). The reasoning proving the 
quasiminimality of spaces T[(S n , 9 n ) n ] implies also the result of [17] on subsequential 
minimality of the spaces in case sup 9]J n = 1. In both cases the presented argument 
gives saturation of considered mixed Tsirelson spaces T[(S n ,9 n ) n ] or T[(A n ,9 n ) n ] 
with subsequentially minimal subspaces. 

Notice that in both classes of mixed Tsirelson spaces special averages were used 
in the proofs of arbitrary distortability of spaces under additional assumptions. The 
observations presented in the paper indicates also similarities in the way spaces £ p , 
1 < p < oo, and Tsirelson type spaces T[Si, 6], < 9 < 1, are represented in spaces 
] and T[(S n ,9 n ) n }. 

Now we describe the contents of the paper. In Section 1 we recall basic notions. 
In Section 2. we consider p— spaces, state technical lemmas needed in the sequel and 
describe representation of £ p in p— spaces T[{A ni 9 n ) n ] depending on the behavior 
of (9 n )n- The essential tool for quasiminimality in p— spaces case is provided by 
Theorem 12.81 stating that the Krivine set of any subspace of a p— space, 1 < p < oo 
contains p. Recall here that by [T7] Krivine set of a p— space T[(A n , 9 n ) n ] contains 
only p provided the sequence {9 n n 1 / q ) n is decreasing, for l/p + l/q = 1, while there 
are p— spaces, p > 1, with 1 in the Krivine set. We present also analogues to obser- 
vations concerning the original Tsirelson space and mixed Tsirelson spaces given in 
[HEO], in particular extending the result of [12] on saturation of Tzafriri space by 
£2— asymptotic subspaces. Section 3 contains the proof of quasiminimality of arbi- 
trary p— spaces (Theorem 13. ip and study of behavior of p— spaces, 1 < p < 00, and 
their duals in case inf„ 9 n n 1 ^ q > (Theorem I3-5|) . including in particular Tzafriri 
space. Section 4 is devoted to mixed Tsirelson spaces T[(S n , 9 n ) n ]. After techni- 
cal lemmas concerning Schreier families, we show the existence of special averages 
(Corollary I4.9p . applying the reasoning of [2] in case the sequence (f^) n is decreas- 
ing. Under this assumption, using special averages we prove the quasiminimality of 
a regular mixed Tsirelson spaces T[(S ni 9 n ) n ] (Theorem 14. 10p . Section 5 presents a 
general argument enabling us to transfer the minimality and quasiminimality prop- 
erties of spaces to their duals provided certain complementability property holds. In 
particular we prove quasiminimality of duals to mixed Tsirelson spaces T[(S n , 9 n ) n ] 
m case sup 9 n ' = 1 . 

1. Preliminaries 

We recall now the basic definitions and standard notation. Let X be a Banach 
space with a basis (e;). The support of a vector x — J2i x i e i ls the set suppx = 
{ieN: Xi 7^ 0} , the range of a vector x <E X - the smallest interval in N containing 
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support of x. Given any x — J2i x i e i an d finite E C N put Ex = xe = J2ieE x i a i- 
We write x < y for vectors x, y G X, if maxsuppa; < minsuppjy. A block sequence 
is any sequence (xi) C X satisfying x\ < a; 2 < . . . , a block subspace of X - any 
closed subspace spanned by an infinite block sequence. A subspace spanned by a 
basic sequence (x n ) we denote by [x n ], 

A Banach space X is saturated with subspaces of type (*), if any infinite di- 
mensional subspace of X contains a further infinite dimensional subspace of type 
(*)• 

A basic sequence (x n ) C~ dominates a basic sequence {y n ), C > 1, if for any 
scalars (a n ) we have 

|| yj<M/n|l < C \\ y^Qn^nll 
n n 

Two basic sequences (x n ) and (jy„) are C- equivalent, C > 1, if (x n ) C— dominates 
(y n ) and (j/„) C— dominates (x„). 

Let M be a family of finite subsets of N. We say that M. is regular, if it is 
hereditary, i.e. for any G C F, F e M also G€M, spreading, i.e. for any integers 
n\ < ■ ■ ■ < n k and mx < ■ ■ ■ < m,k with rii < m,i, i = 1, . . . , k, if (ni, . . .,rifc) € 
then also (mi, . . . , mj.) 6 M, and compact in the product topology of 2 N . Given a 
spreading family we say that a sequence E\ < ■ ■ ■ < E n of finite subsets of N is 
M.- admissible, if (min£"i)™ =1 G For any two families of finite subsets of 

N we define 

M[N] = {F x U • • • U F k : Fx, . . . , F k £ N, F 1 < ■ ■ ■ < F k - M - admissible] 

We will work on two types of regular families: (Ai)neN an d {S a ) a<u]1 . Let 

A n = {F C N : #F < n}, neN 

Schreier families (S a ) a<UJl , introduced in [l], are defined by induction: 

S a = {{n}: 7ieN}U{0}, S a+1 = Sx [S a ] , a < w x 

If a is a limit ordinal, choose a„/a and set 

S a = {F : F e S an and n < F for some neN} 

It is well known that all families (A n )n£®, (<5a)a<w! are regular. 

Let X be a Banach space with a basis. We say that a sequence xx < ■ ■ ■ < x n is 
M- admissible, if (suppxi)™ =1 is VW-admissible. 

Definition 1.1 (Tsirelson-type space). Fix a regular family M. and < 9 < 1. Let 
K C coo &e i/ie smallest set satisfying the following: 

(1) (±<)„ C K, 

(2) /or an?/ functionals <fix < ■ ■ ■ < 4>k in K, if * s M- admissible, then 

0((bi + --- + k )eK. 

We define a norm on coo by the formula \\x\\ — sup{/(x) : / G A"}, x G coo- Then 
the Tsirelson-type space T[M,6] is the completion of (coo, || ■ ||). 

It is standard to verify that the norm || • || is the unique norm on c o satisfying 
the equation 

||.t|| = max I H^Hoo, sup ll^^ll : (J5i)* =1 — M — admissible 

Recall that T[A n , 0] — cq if 9 < l/n and T[A n , 8] — t p ,\{ 9 = 1/ y/n for q satisfying 
1/p + l/q = 1. The space T[5i,l/2] is the Tsirelson space, the first discovered 
non-classical space - not containing £ p , 1 < p < 00 or cq. 
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Now we recall the definition of the mixed Tsirelson spaces, using not only one 
family M and parameter 0, but sequences of these objects. Again the norm can be 
defined by its norming set or as a solution of an equation. 

Definition 1.2 (Mixed Tsirelson space). Fix a sequence of regular families (SA n ) 
and sequence (0 n ) C (0, 1) with linin^oo 9 n = 0. Let K C coo be the smallest set 
satisfying the following: 

(1) (±e*)„ c K, 

(2) for any <f>\ < ■ ■ ■ < 4> k in K , if [fj>i)i—\ is A4 n - admissible for some n £ N, 
then 6 n (4>i H h 4> k ) € K. 

We define a norm on coo by \\x\\ — sup{/(ir) : / € K}, x £ cqq. The mixed 
Tsirelson space T[(A4 n ,0 n ) n ] is the completion of (coo, || • ||). 

Again it is standard to verify that the norm || • || is the unique norm on Coo 
satisfying the equation 

||x|| = max 1 1| j||oq) sup |fl Tt ^ \\Ejx\\ : (i?i)f =1 — A4„ — admissible, n e n|| 

It follows immediately that the unit vector basis (e„) is 1-unconditional in the 
space T[(Ai nj n ) n ]. It was proved in [4] that any T[(Sk n , n ) n ] is reflexive, also 
any T[(Ak n , @n)n] ls reflexive, provided 8 n > j- for at least one n G N. In this 
setting Schlumprecht space S is the space T[(A n , lo& ( n +i) )n]i Tzafriri space is 
T[{A n , ^)„] for < c < 1. 

A tree is a partially ordered set (T, -<) such that for any t £ T the set {s 6 
T : s -< t} is finite and linearly ordered. Given a tree T for any t 6 T by succt 
we denote the set of immediate successors of t in T. The height of a tree T is the 
supremum of the length of branches in the tree T (i.e. well ordered subsets of the 
tree T). The level of an element t of a tree T with a unique root (i.e. the minimal 
element) is the length of the branch linking the root with t. 

The following notion provides a useful tool for estimating norms in mixed Tsirelson 
spaces: 

Definition 1.3 (The tree- analysis of a norming functional). Let cj) £ K . By a 

tree-analysis of <fi we mean a finite family (<pt)t£T indexed by a treeT with a unique 
root € T such that the following hold 

(1) 4>q = 4> and <fit £ K for all t £ T, 

(2) t £ T is maximal if and only if <pt € (± e n)> 

(3) for every t £ T not maximal there is some n £ N such that (0 s ) s g SU Gct is 
an A4 n -admissible block sequence and <f>t — &n(J2 s esucct ^ s )- ^ e ca ^ ® n ^ e 
weight of 4>t ■ 

Notice that every functional from a norming set K admits a tree-analysis, not 
necessarily unique. 

Definition 1.4. Let (y n ) C X be a block sequence. 

a) Let 4> £ K be a norming functional with a tree-analysis {4>t)teT- We say that 
4>t covers y n if t £ T is maximal in T with the property supp <pt 3 supp y n H supp <j>. 

b) a finite sequence {Ek) 7 k n =1 of subsets of N is said to be comparable with the 
sequence (y n ) if for every n and every k < m we have 

m 

E k C range y n or suppy„ n [J E t C E k or range E k n range y n = 0. 

i=l 

c) A norming functional 4> £ K with a tree-analysis (<pt)teT is said to be comparable 
with (y n ) n if the sequence (supp 4>t)teT is comparable with (y n )n- 
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2. Representability OF £ p IN p-SPACES 

We describe now the class of p— spaces following the definition of [T7]- Recall 
that any space T[(Ak„ , 6 n )n=i]> defined analogously to Tsirelson type spaces and 
mixed Tsirelson spaces, with the use of finitely many families (Ak„)„ = i and finitely 
many scalars (O n )n=i C (0, 1), is isomorphic to some i p , 1 < p < oo or Co [7]. 

Definition 2.1. [17] A mixed Tsirelson space T[(Ak n , 0n)neti] is called a p-space, 
for p £ [1, oo), if there is a sequence (j>n)n C (1, oo) such that 

(1) pn —> P as N — > oo, and pjv > Pw+i > P /or anj/ N 6 N, 

(2) T[(^4fc n , 0n)^ =1 ] is isomorphic to l VN for any N £ N. 

^4 p— space T[(A n ,9 n )neN] is called regular, if 9 n \ and nm > n m /or any 
m € N. 

Notice that any mixed Tsirelson space Tffy!^, 6>„)„ e N] is isometric to a space 
T[(„4 n ,6»„)„ eN ], where 

On = sup <^ J| 6 ni : Y[ n, > n \ , n6N 

It follows directly that if T[(.4fc„, n )raeN] is a p— space, then also T[(A„, 9 n )nem] is 
a p— space. Notice also that the sequence (9„) satisfies 9 n \ 0, 8 nm > 9 n 9 m for 
any n, m £ N. 

Therefore from now on we assume that p— spaces we consider are regular. 

Notation. Let T[(A n , 6*n)neN] be a regular p~ space. If we set 9 n = l/n 1 ^ qn with 
q n £ (1, oo), n £ N, then q = lim„ q n = sup n q n £ (0, oo], where l/p+l/q = 1, with 
usual convention l/oo = 0. 

In the situation as above let c„ = 9 n n 1 ' q £ (0, 1), n £ N, if p > 1. To unify the 
notation put c n = 9 n , n £ N, in case p = 1. 

Remark 2.2. In [T7] in the definition in the p— spaces it was posed also that the 
sequence (p n ) n was strictly decreasing and hence 9 n also. It was also posed that 
c n \ 0. In our setting, the sequences (p n )n, (c n ) n do not necessarily satisfy these 
two conditions. 

Remark 2.3. Notice that the norming set of a p— space is contained in the unit ball 
of £ q , hence || • || < || • || p . 

First we present two technical observations. 

Lemma 2.4. Let X be a p— space, 1 < p < oo. Take a functional 4> with a 
tree-analysis (4>t)teT and any finite block sequence (v n ). Set v = *^2 n v n . Then 
there is a functional 4>' with a tree-analysis (4>' t )teT' comparable with (v n ) satisfying 
6(f>'{v) > <p(v). 

Proof. We can assume that supp <j> C (J n supp v n . For any n pick t n £ T so that 
4> tn covers v n . Let E\ < ■ ■ ■ < E\. be supports of all successors <$>\ , . . . , <j>k of 4> tn 
which intersect the support of v n . 

CASE 1. There is i = 1, . . . , k so that Ei C supp7J n . If E± n suppu„_i ^ 
and (j)i(v n ) > 4>i(v n ) then change the tree: split 4>\ into two parts supported on 
Ei flsupp tv,, and -Ei\suppv„ and erase 4>i, put the part <^i| S uppu„ into tree instead of 
4>i, leave 0i|bi\su P p u„ in the place of <f>\. If i?insuppu„_i ^ and <f>i(v n ) < 4>i(v n ) 
then erase from 4> the part supported on E\ n suppw„. Analogously proceed, if 
Ek n supp7j n+ i ^ 0. The action of the modified functional on v n is not less than 
4>(v„)/3. 
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CASE 2. k = 2, Ei fl suppu„_i ^ 0, £2 n suppv„+i 7^ 0. Let for example 
<f>i(v n ) > <t>2{v n ), then erase part of </> supported on £2 n suppv„, and for the 
modified functional find new t n - then we have only Case 1. □ 

Lemma 2.5. Let X be a p— space, 1 < p < 00. Tafce any norming functional 4> 
with a tree-analysis (4>t)teT and some Ji, . . . , J/y C T so that 

(1) J„ C succ t„ /or some t n £ T /or any n = 1, . . . , N, 

(2) supp <j>i n supp </>j = for any i ^ j, i, j £ \J n J n 

(3) supp (f> = U{supp0j : i € U„ J «} 

Lei </> = X^=i 7« Sie 7 TTien /or any scalars 01, . . . , a at > we ftaue 

TV TV 
£ a «7n(#J n ) 1/9 <(£0 1/P 
n— 1 n— 1 

Proof. The case p = 1 is obvious. Assume p > 1. We proceed by induction on the 
height of the tree T. For the height equal (i.e. is a unit vector) the result is 
clear. Assume we have the result for functionals with the tree-analysis of height 
smaller than I for some I > 1 and pick a functional with the tree-analysis (4>t)teT 
of height I. Let Ji, . . . , Jn, 71, ... , 7at, Oi, . . . , ajv be as in the Lemma. 

Let = c m /m 1/q I] tesucc0 Let 7 = {n = 1, . . . ,N : J„ C succO}. Let 
J = succO \ U„ J n . For any t e J let I t = {n £ I : i y t Vi £ J„}. By the 
inductive assumption for <j> t , t £ J, and Holder inequality we have 

W 1 1 

E 7nM#Jn) 1/9 < ^ E + ^ E E «n7nm 1 /9(#J„)V 9 

n=l riG/ teJ nelt 



* <) 1/p (E + ^77 BE 

nel n£i teJ neh 

* ^(E<) 1/P (E^) 1/9 + ^(# J ) 1/9 (£ E 

nel n£7 teJ neh 

Notice that I{J\J teJ I t = {1, . . . , N} and #J+Y* n ei # Jn = # succ0 < m , hence 
again by Holder inequality we obtain the desired upper bound by (X^=i a n) 1 ^ p - ^ 

We recall here the notion of t r — averages - the basic tool we will use in studying 
the properties of p— spaces: 

Definition 2.6. A vector x £ X is called a C — £ r — average of length m, for 
r £ [l,oo], m £ N and C > 1 if x — X)™=i x i/\\ H™=i Xi W f or some normalized 
block sequence (x n )™ =1 which is C-equivalent to the unit vector basis of I™ . 

The following lemma extends the standard result for i\— averages. 

Lemma 2.7. Fix 1 < r < 00 and M £ N. Let N > (2M) r . Then for any 
C — i r — average x £ X of length N and any j < M we have 

|^ < sup|Ell^ll : (Ei) - A 3 - admissible j < 2C 2 j 1/s 

where 1/s + 1/r = 1. 

Proof. Let x = (xi + • • • + Xn)/\\xi + ■ ■ ■ + Xn\\, for some normalized sequence 
Xi < ■ ■ ■ < xn C-equivalent to the unit vector basis of £p . Fix j < M. For the 
lower estimate take subsets Ii < ■ ■ ■ < Ij of {1, . . . , N} such that #7, = [N/j], i.e. 
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the integer part of N/j, let Ei — {J n£l . suppz„ and compute 



Eii^ii^EiiE^ii/™ 17 ^ 



3 



1 /r jl/s aI/s 
> —, > . 

- 2 1 / r C 2 ~ 2C 2 



Now take any E± < ■ ■ ■ < Ej for j < M. For any i = pick i,- = {n : 

suppx„ n Ei 7^ 0} and 1[ — {n G /; : suppa;„ n E\ — Vi ^ 1} and compute 

11^(11 + • •• + XN )\\ < \\ XminU || + \\ XmKKlt || + \\Ei(J2 i n ) II < 2 + c(#x;) 1/r 

Hence summing over i we get 

e h**ii < +^ 2 e * 2 ^- i/s 



□ 



Now we study the way i p is represented in a p— space. Recall that by Krivine 
theorem for any Banach space X with a basis there is some 1 < p < oo such that £ p 
is finitely block (almost isometrically) represented in X, i.e. for any e > and any 
n G N there is a normalized block sequence xi < • • • < x n in X which is (1 + e)- 
equivalent to the unit vector basis of £" , The set of all such p's is called the Krivine 
set of a given space X. Recall that the Krivine set of a p— space T[(A n , #n)neN] 
contains only p provided the sequence (c„)„ is decreasing (Prop. 1.6 [E]), while 
there are p— spaces with p > 1 and 1 in the Krivine set (Prop. 1.8 |17J). 

Theorem 2.8. Let X be a p— space, 1 < p < oo. Then the Krivine set of any block 
subspace of X contains p. 

Proof. By Lemma 1.5 p2] Krivine set of X is contained in [l,p\- We will show 
that for any N in any block subspace Y of X there is a normalized block sequence 
yi,...,yN with || Ylne i S/t»|| < f° r any <^ {!>•••! ^} and for a universal 

constant £>. Then by Corollary 5 [18] some p' > p is in the Krivine set of Y, thus 
p' = p which ends the proof. 

Fix N £ N and r < p in the Krivine set of a block subspace Y. Take a normalized 
block sequence (y n )i and sequence [m n )i C N with 

(1) y„ is a 2 — £ r — average of length greater than (2m„) r , for any n, 

(2) N9 mn < l/2"+ 2 , for any n, 

(3) m „ E 2 <„ #supp W < l/2"+ 2 for any n, 

We claim that || *£n=i Vn\\ < WN 1 ^. 

Take a functional with the tree analysis (<^t)ter- By Lemma l2T4l we can assume 
that this tree-analysis is comparable with [y n ). Let y = J2 n Vn- 

Let A = {t e T : </>t covers some y n }. Given any t G A let It = {n = 1, . . . , N : 
<j>t covers y n }. Let 6 m be the weight of cj>f 

Now consider cases: 



CASE 1. m<m n for all n € I t . 

For any n € It let </„ = {i £ succi : supp</>i C range y n }. By Lemma [2.71 we 
have E ie j„ = Eiz Jn Mv») < Wn) 1/q - 

CASE 2. There is some n € It with m > m n . Let n t be the maximal element of 
It with this property. 
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First let L t — {n g" I t : suppy n n supp</> C supp^t}. Notice that for any n G L f 
there is some 4> tn - successor of 4> t so that supp y n n supp <j> C supp <j>t n . Hence 



MJ2 ^ WE &»(»»)) < ^m„ t < l/2 nt+2 

Hence <HSteA nei t — 1/4, thus we can erase this part for all t with error 1/4. 
Now notice that by condition 3. we have 

M «») ^ ™- f S # si ™™ ^ l/2" t+2 

n£l t ,n<n t n<n t 

so we can again erase this part for all t with error 1/4. 

Now we compare the parts 4>t(y nt ) and 4>t{J2nei t n>n f*0- ^ the nrst one ^ s 
bigger, then set J n , = {i}. Obviously we have<My) < {#J nt ) 1/q . If the second one 
is bigger, then erase the first one and proceed as in Case 1 getting Y^,ieJ ^(v) — 
8(#^n) 1/9 for each n G I t ,n> n t . 

Now by LemmaEHwe have (p(En=i Vn) < 2-8iV 1 / p + |, therefore || £^ =1 Vn\\ < 
6 • W^N^p = 99N^p which ends the proof of Theorem. □ 

Now we work under more restrictive assumptions on (c„), giving additional in- 
formation on representability of £ p in p— spaces. Recall that a space with a basis is 
called £ p — asymptotic provided any normalized block sequence n < xi < ■ ■ ■ < x n , 
n G N, is C— equivalent to the unit vector basis of £ p , with some universal constant 
C. Now we show a result generalizing Corollary 3.8 [12] . 

Proposition 2.9. Let X be a p— space, 1 < p < oo, with inf„ c„ = c > 0. Then X 
is saturated with £ p — asymptotic subspaces. 

To prove the Proposition it is enough to show the following Lemma (well-known 
in case of Tzafriri space) similar to Proposition 1.6 [T7] . 

Lemma 2.10. Assume inf „ c n = c > 0. Take a normalized block sequence yi < 
■■■ <y N in X. Then for any (a„)£Li we have \\ J2 n a„y„\\ < 6c _1 (J] n O 1 ^. 



Proof. Take any norming functional (j) with the tree-analysis ((/>t)teT, by Lemma l2T4l 
we can assume that the tree-analysis is comparable with (y n )- For any n pick t n G T 
such that 4>t n covers y n and let (<f>i)iej n be the family of immediate successors of cf>t n 
with support contained in suppy„. By assumption and definition of the norm we 
have ~^2 ie j <j>i(y n ) < c_1 (#^n) 1 ^ 9 for any n. Now we apply Lemma l2~5l obtaining 

By this Lemma and the fact that for any normalized y\ < ■ ■ ■ < y^ also 
HEnS/nll > cN 1 ^, applying Theorem 3.7 |12| . we obtain saturation of X by 
£ p — asymptotic subspaces. 

Recall that by proof of Theorem 2.1 [T7], if c„ \ 0, then X does not contain a 
£ p — asymptotic subspace. 

The next two observations should be compared with Proposition 3.9 [19] and 
Example 5.12 [20], the idea of the proofs is analogous. 

Proposition 2.11. Let X be a p— space, 1 < p < oo, with Y[ n c n = d > or 

c n y 1. Then X is saturated with £ p . 

Proof. By quasiminimality (Theorem 13. ip it is enough to show that there is a 
subspace isomorphic to £ p . Since we have for any normalized block sequence the 
upper £ p — estimate by Lemma I2.10[ it is enough to produce a normalized block 
sequence with lower £ p — estimate. We present the proof in case c n = d > 0, the 
reasoning can be easily adapted to the case c n /* 1. 
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Take increasing (i n ) n C N with i n +i > 5i n and E n 2 *™ — and take the 
partition I± < I2 < ... of N with #I n = 2*™ . Notice that by Remark 12.31 we have 
||£ ie /„e«||<2Wf. 

Let x„ = (|| Ejpj || )~ 1 5Z^ieJ ei f° r an y n - We claim that (x n ) satisfies the 
lower £ p — estimate. 

Take (J n )n=i C N with j n < i n and consider the vector x — E„ 2~^ n / p x n . Let 
fe„ = j' n + i n for any n, then k n+ i > k n . Then the formula 

N 

n=l »£j n 

defines a functional from the norming set with a tree-analysis all of whose elements 
have weights in the set {0 2 fc i > 02*2-*i , . . . , 6 2 h„-k n _ 1 : n — l,...,N}, Moreover 
k n+ i — k n > k n — k n ~i for any n, hence 



INI > 4>{x) > 



n \ k / \ iEln / » 



For any scalars (a n )% =1 C [0, 1] with E„ < = 1 P ick (in) with 2^"- 1 )/p <«„< 
2 -i»> /p. Let J = {n e N : j„ > i„}. Then by the choice of z„ we have 

E<<E 2 ~ Jn ^E 2 ~ <n ^ d / 4 

riGJ ngj n 

By the previous argument we have 

|| ^a n x n \\ > ||^a„a;n|| >d^2^"- 1 >d^ a P/2-rf/4 = d/4 

Hence we proved the lower ^—estimate for (x n ) and thus the proposition. □ 

Proposition 2.12. Let X be a p— space, 1 < p < 00, with sup„ Cn = d < 1. Tften 
X does noi contain t p . 

Proof. Given a normalized block basis (xj) and k € N define a new norm || • Hfc,^) 
on [xj] in the following way: for any x € [xj] let || fe^aj . ) be the supremum of <j>(x) 
over all norming functional <j) with a tree-analysis {<j) t )t£T such that for any feT 
of level < k and any j either supp <pt H supp Xj = or range ^ D supp Xj . 

Lemma 2.13. Let (xj) be a normalized block basis in X, fix e > and k e N. 
Tften i/iere is x & [Xj] with \\x\\ = 1 such that \\x\\k,( Xj ) > 1 — £. 

Proof of Lemma. We will prove it first for fe = 1. Take a normalized block sequence 
{Vn)n=i °f sucn that 

(!) 2/n = Ej £ F n x j/\\ T,jeF n x j\\> where #F„ = m n for any n, 

(2) m n Ei>„ l/0 mt mi < e/4 for any n, 

(3) m „ J2i <n # su pp y< ^ £ / 4 for an y n > 

(4) 1/N0 N < e/8. 

Let y 2 = E^=i2/„/IIEti^ll- Take (^)U with ||j/ 2 || = 0*EJ^ 2 |l- We 
claim that with error at most e we can assume that for any n there is at most one 
i with suppx„ n Ei 7^ 0. Let J„ = e i^, : supp a;,, intersects at least two 

Assume that there is some uq such that m no < I < m„ 0+ i. Then we let W\ be y 2 
restricted to supports of y„ for n < uq, W2 be y 2 restricted to supports of y no and 
y^ 0+1 . Then 6 t E 4 ||^i|| < e/4 by condition 3., 9 t E, ||^w 2 || < 2/N6 N < e/4 by 
condition 4., and by condition 1. we have 

E E HflsuppxJ < mn +i l /9m n m n < e/4 

n>no + lj£J n ri>no + l 
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Any other case is a simpler modification of the reasoning above. 

For any k > 1 we iterate the procedure above, by taking as (y 3 n ) suitable averages 
of (yir 1 ) f° r some Ej, j = 2, . . . , k, with n»=i(l ~ £i) > ^ — £■ □ 

Now we go back to the proof of the Proposition. Assume there is a normalized 
block basis (xj) D-equivalent to the unit vector basis of £ p . Take k € N and by the 
Lemma \2 . 1 31 pick a normalized x = J2j a j x j with H^Hfe,^) > 1/2. Let 

NU.Ci) = E (J," 2 .. n {)i/^ EiA 

for some Ei such that the sets Ji = {j : supp Xj f)Ei ^=0} are pairwise disjoint and 
some ki < k and {n\,n l 2 , . . . n^.)i with J2i V( n i n \) — 1- Then by Holder 
inequality 

1/2 < d k Y^ l/{n\... 1/9 I>(E tf) 1,P <d k DC}2tf) 1,P < d k D 2 
which for large k gives contradiction. □ 

3. QUASIMINIMALITY IN p— SPACES 

In this section we prove the following 

Theorem 3.1. Any p— space X, 1 < p < oo, is quasiminimal. 

We show also a stronger quasiminimality property of X and its dual space un- 
der additional assumption on (c„). The equivalent sequences used in the proof of 
Theorem 13.11 consist of averages of i p — averages, whose properties are examined in 
next Lemmas. 

Lemma 3.2. Fix N 6 N. Take finite normalized block sequences (y n )i and (z n )f 
in X and sequence (m n )i C N satisfying the following conditions: 

(1) each y n and z n are 2 — i p — averages of length N n > (2m n ) p , 

(2) N8„ ln < l/2™+ 5 for any n, 

(3) ^m„E i <„#suppy i < l/2"+ 5 , and 6 mn J2 z<n # supp Zl < l/2"+ 5 for any 
n, 

Then (y n )\ and (z„)f are C -equivalent, for some universal constant C. 

Proof. We show that (z n )± dominates (y„)^ v . Fix scalars < eii, . . . , < 1 SO 
that the vector y = 2n=i has norm 1, and put z = Y^n=i a n z n- The proof 



resembles the reasoning in the proof of Theorem 12.81 

By Lemma l2~^l we can take a norming functional with a tree analysis (<j) t )teT 
comparable with (y n ) and 4>{y) > 1/6. We will pick ip so that \\ip\\ < 1 and 
ip(z) > 2" 11 . 

Let A = {t e T : (f> t covers some y n }. Given any t € A let It = {n = 1, . . . , N : 
4> t covers y n }. Let 6 m be the weight of 4> t . 
Now consider cases for each t e A: 



CASE 1. m < m n for all n £ I t . For any n G I t let J n — {i G succi : 
supp^ C rangey„}. By condition 1. and Lemma [2.71 pick functionals (ipi)isK n , 
with #K n < #J„ so that J2ieK n ^A z n) > Siej„ <M2M) 2 ~ 6 and change the tree- 
analysis of by putting (ipi) iG K n instead of ((pi) i& j n for any i = 1, . . . , k n . Then 
we have 2 6 -0t(I]ne/ t ^ <MEne-r t a nVn)- 

CASE 2. there is some n G It with m > m n . Let n t be maximal with this 
property. 
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First let L t — {n g" I t : suppy„ n supp</> C supp^t}. Notice that for any n € L t 
there is some tn - a successor of t so that supp y n n supp <j) C supp tn . Hence 

M E a »^) ^ ™" t ( £ &»(»n)) < Nd mnt < l/2" t+5 
n£Lt n£Lt 

Hence 4>(J2neL t teB a nUn) < 1/2 5 , where B = {t e A : m > m*, for some k € It}, 
thus we can erase this part with error 1/2 5 . 
Now notice that by condition 2. we have 

M E anV ^ - 6m -t E #supp2M < l/2"'+ 5 

n£lt,ri<nt n<n t 

so we can again erase this part for all t with error 1/2 5 . 

Now we compare the part 0t(a„ t j/„ t ) and ^E„ e j t ,n> nt a n y n ). If the first one 
is bigger, then replace <j) t in the tree-analysis of 4* by t/>t satisfying ip t (z nt ) = 1- If 
the second one is bigger, then erase the first one and proceed as in Case 1. 

Altogether after all this changes we obtained a new norming functional -0 with 
VKXL a n,z n ) > 2~ n . Indeed, from the above inequalities we have 

(3.1) i < y n ) < 1 + 2 • 2V(2 a ^«) =* ^E a " y ") ^ ~ 

n n n 

Therefore C = 2 11 satisfies the assertion of the Lemma. □ 

Lemma 3.3. Fix N E N. Tafce (y n )i , { z n)\ as in Lemma \ 3.S\ and let y — 

yi + '•• + Vn , z = z\ H + zn- Then for m e N, an?/ Ei < • • • < E m there are 

F\ < ■■■ < Fi with I < m 

(3.2) e m {\\E iy \\ + ■■■+ \\E m y\\) < C'e m {\\F lZ \\ + ■■■ + \\F lZ \\) + 6 
for some universal constant C, 

Proof. We can assume (up to multiplying by 3) that the sequence (Ej) are compa- 
rable with the sequence (y n ). Let J = {j = 1, . . . , m : range Ej D suppy„ for some 
n} and for j £ J let Ij — {n : supp y n n lj i Ei C -Ej}. Then for any j £ J we put 
Fj = Une/ SU PP Z « an d we have by Lemma [3721 

Eh^E^h^Eii^E^ii 

Symmetrically let L = {n : range y n D Ej for some j} and for any n € L let 
Jn = {j '■ Ej C range y n }. Consider cases: 

CASE 1. m < m n for any n. Then by the choice of {y n ), (z n ) and Lemma |2~T1 
there are some (Fj)j & K n ,n£i, < with 

EEh^h^E E ii f ^»h 

neLjeJ n n£Lj£K n 

and {-P}}j£j U {i^ jjgif^ ngi are the desired sets. 

CASE 2. For some n we have m > m„. Let n be maximal with this property. 
Then 

e m E H^Jfnll < o mno # su ppy« < V2 no - 

n£L,n<no j£j n n<rio 

Notice that 

Om E H^noll < llfnoll < 1 
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For (Ej)j£ j„,n£L,n>n, choose (Fj) as in the Case 1. Thus we prove the Lemma 
with constant C = 3 • 2 6 C. □ 

Proof of the Theorem lff.il Take any block subspaces Y, Z of X and pick by Theo- 
rem EH (z/j) C Y, (zj) C Z so that each y 3 = (y{ H h J/^)/||j/i H h J/^|| s 

= («! + ••■ + + • • • + ||) were (y^), (2^) are as in Lemmas 13.21 13.31 

and iVj are so big that \\y{ + ■ ■ ■ + y 3 N ||, ||zj + • ■ ■ + ^.|| > 2-? +7 (for example 
Nj6n j > 2 j+7 ). Take any scalars (a,) C [0, 1] with || £\ a 3 -j/j-|| = 1. By Lemma 12741 
we pick a norming functional 4> with 0(2^ ■ Ojj/j) > 1/6 and a tree-analysis (4> t )teT 
comparable with (y n )- We will pick norming ip with ip{J2j a j z j) — 1/2 4 C". 

For any j pick tj so that (f>t s covers yj . For any j let (f>\ < ■ ■ ■ < <(P k . be all 
the successors of (j> tj whose supports are contained in suppyj. Then by Lemma l3~3l 
pick for any j suitable F( < ■ ■ ■ < Fj 1 , with lj < kj satisfying (|3.2p . Replace in the 

tree-analysis of (j) each ^ by so that = ^Pf(zj) and suppi/^ C supp Zj. 

Then for any j 

i=l i=l 

hence 

1/6 < ^ a jVj ) < C'^C£ ajzj) + 1/2 4 
3 3 

which ends the proof, since ip is from the norming set. □ 

Remark 3.4. Notice that the proof provides in every block subspace of X some 
subsequentially minimal block subspace. Indeed any block sequence of arbitrary 
long averages of vectors of the form (yi + - ■ ■+VN)/\\yi + - • •+2/jv||j where yi, . ..,yjv 
are as in Lemma [3721 for arbitrary big N and mi, . ..,mjv, spans a subsequentially 
minimal subspace. 

Moreover by Lemma 13.21 sequences of long i v — averages generates equivalent 
spreading models. In case p = 1 the proof can be easily adapted to show that 
the spreading models of sequences of long i\— averages are equivalent to the unit 
vector basis of the considered space X. 

Now we consider special case: inf n c„ = c > 0. An example of such space is 
Tzafriri space T[(A n , c/ y/n) n ]. Recall that a Banach space X with a basis belongs 
to Class 2 defined by T.Schlumprecht [22], if any block subspace Y of X contains 
normalized block sequences (x n ), (y n ) such that the mapping carrying each x n to y n 
extends to a bounded strictly singular operator, i.e. operator whose no restriction 
to an infinite dimensional subspace is an isomorphism. 

Theorem 3.5. Let X be a p— space, 1 < p < 00, with inf„ c„ = c > 0. Then 

(1) the dual space X* is quasiminimal, 

(2) the spaces X and X* do not contain a subspace of Class 2. 

Remark 3.6. By the above theorem the class of p— spaces with inf„ c„ > might 
provide an example of a Banach space containing neither a subspace of Class 2 
nor a subspace of Class 1 (recall that a space with a basis is of Class 1 if any its 
normalized block sequence admits a subsequence equivalent to some subsequence 
of the basis, [22]), answering the question (Q4), [22] , 

In order to prove the theorem we need the following 

Lemma 3.7. Assume inf n c n — c > 0. Take normalized block sequences (y„) and 
(z n ) in X such that ||z n ||oo < c/16(#suppy„) 2 for any n. Then (z n ) D— dominates 
(y n ) with some universal constant D. 
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Proof of Lemma WTK We prove two Claims: 

Claim 1. Fix m S N and 1 > 5 > 0. Tften /or any z ||z|| > 1/2, ||z||oo < 
6 /8m 2 there are F\ < ■■ ■ < F m such that 

1-5 <\\F % z\\/\\F 3 z\\<l + 5, i,j = l,...,m 

Proof of Claim[I[ Fix e > 0. We prove induction on m that for any z with ||z||oo < 
e and m < #suppz there are Fi < • • • < F m such that sup, ||i^z|| < infj \\Fiz\\ + 
2me and F\ U • • • U F m = supp z. 

For m = 2 the claim easily follows. Assume the claim holds for m — 1. Take 
z with H^Hoo < £ and #suppz > m. We can assume that suppz — {I,..., J} 
for some J > m to simplify the notation. For any m — 1 < j < J let Zj be the 
restriction of z to the interval {1, ... , j}. By the inductive assumption for to — 1 
pick suitable Ff < • ■ ■ < F^_ x for vectors Zj, to — 1 < j < J . 

Notice that sup 4 ||F/2j|| < sup 4 ||F/~ £j-i|| + (2m — l)e. Indeed, if not, then by 
the choice of F?'s we have HF/^H > ||F^ _ Zj-iH + £ for any 1 < i, k < to — 1, 
hence maxF/ > maxF/ 1 + 1 for any i < m — 1, which by assumption on ||z||oo 
contradicts max supp zj = max supp + 1. 

Notice also that \\z — Zj\\ + e > \\z — Zj-\\\ for any m — 1 < j < J. 

Now if \\z — z TO _i|| < s, then {1}, . . . , {m — 1}, supp(z — z m -i) satisfy the claim. 

Otherwise consider function = \\z — zj\\ — sup i ||F?^j-|| for m — 1 < j < J. 
We have that 

- 1) = \\z - z m -i\\ - sup ||F™ _1 z m _i|| > ||z - z m -x\\ - H^Hoo > 

i 

and £( J) < and by previous observations £(j)+2me > 1) for any m— 1 < j < 
J. Take the minimal J > jo > to— 1 with £(jo) < 0, then < £(jo~l) < £(.7o)+2m£, 
hence 

sup|!F/°zJ| - 2me < \\z-z jo \\ < sup \\Ffz Jo 1| 

i i 

thus if we put F = F/° for any 1 < i < m and F m = supp(z — zj ), then we have by 
the inductive assumption and choice of jo that sup 1<i<m ||Fjz|| < infi<i< m ||F;z| + 
2me. 

Take (FJ™ as above. Take z as in Claim, then also #suppz > m. No- 
tice that sup||Fjz|| > l/2m. Hence inf ||Fjz||/ sup \\Fiz\\ > 1 — 4m 2 e thus also 
sup ||Fiz||/ inf ||FjZ|| < 1/(1 — 4m 2 e) which ends the proof. □ 

Claim 2. Assume inf „ c n = c > 0. Take any normalized y,z € X, assume that 
\\ z \\oo < c/16(#suppy) 2 . Then for m E N, any E\ < ■ ■ ■ < E m there are F\ < 
■ ■ ■ < F m with 

\\E1V\\ + ■■■ + \\ E my\\ < 9c- 2 (||F^|| + ■ ■ • + \\F m z\\) 

Proof of Claim\^ Notice that by definition of the norm we have ||Fiy|| + • • • + 
||F m 2/|| < m 1 / q /c. Of course we can assume that m < #suppy. Now we pick 
Fi < • • • < F m by the Claim Q] for 5=1/2. Then by Lemma [2T0l we have 

c||z||/6< (V \\F lZ \\ p ) l l p <m 1/p 3inf \\F iZ \\/2 

— ' i 

i 

therefore \\FiZ\\ > c/Qm 1 ^ for any z, hence 

^||^z|| >m^ q c/9 

i 

which end the proof of the Claim. □ 
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This Claim shows in fact that Lemma 13.31 holds in X without error for much 
larger class of vectors provided the special assumption on (c„) holds. Hence coming 
back to the proof of Lemma 13.71 we proceed as in the proof of Theorem I3.1[ the 
situation is now simpler than in the general case, enabling us to pass to the dual 
space. Take any a±, . . . , a at G [0, 1]. Take any functional 4> from the norming set 
with a tree-analysis (4>t)teT, assume by Lemma l2T4l that (4> t )teT is comparable with 
j/i, . . . , yjv- We will show that there is a functional tp from the norming set such 
that 4>(J2n a nyn) < 9c~ 4 7/i(^ n a„z„). For any n take t n such that <f>t n covers y n 
and let {4>i)ie.J n be immediate successors of (pt n with supports contained in suppj/„. 
Using Claim[2]fmd (ipi)i£j n with 

and replace in the tree-analysis of <j> all (<fii)i ( zj n with (ipi)i£j n obtaining in such a 
way a norming functional ip with the desired property. □ 

Proof of Theorem \3.5[ We proceed to the proof of the first part. We need the 
following claims: 

Claim 3. For any S, a > there is some e > such that for any 4> with \\4>\\oo < £ 
and any x G X with \\x\\ < 1 and 4>(x) > a there is some I C N so that \(f>(xi)\ > 
\4>(x)\/2 and ||a;/||oo < S. 

Proof of Claim[M Fix 5, a > 0. Take 4> with \\4>\\oo < £ for some e > and x with 
||.t|| < 1 and put J = {i G suppir : \x(i)\ > 5}. Then c(#J) 1/p 5 < ||x|| < 1 from 
the definition of the norm in X, hence 

\4>(xj)\ = X>0>0')l < e#J < e/(cSy 

Thus e = (cS) p a/2 and I = N \ J satisfy the desired property. □ 

Claim 4. Take normalized block sequences (4> n )> {ipn) i n the norming set of X 
such that \\ip n \\oo < £n, where each e n , n G N, is chosen by Claim for 5 — 
c/4" +3 (#supp0„) 2 and a = 1/4". 

Then (4> n ) AD- dominates (V> n ); with D as in Lemma WTA 

Proof of Claim^ Take a\, . . . , cln and consider 4> = ai<pi + - ■ - + aN(f>N, ip = + 
• ■ • + ajv0Af- Let \\ip\\ = 1 and take z G X with ||z| = 1 and ip(z) = 1. We can 
assume, by unconditionality of the unit vector basis, that all coefficients of <fi and 
z are non-negative, as well as a\, . . . , apj. 

Let J — {n : i> n (z) < 1/4"}. Then E ne j a nM^ < V 2 - 

By the choice of (e„) we can take for any n ^ J some vector w n - a restric- 
tion of 2su PP ^„ - such that ||u>„||oo < c/4" +3 (# supp 4> n ) 2 and \\w n \\ > ip n (w n ) > 

^n(«)/2 > l/4" +1 . 

Take v n = w n /\\w n \\, n £ J, and notice that ||u n ||oo < c/16(# supp</>„) 2 . Now 
pick normalized block sequence (y„) with 4> n (y n ) = L suppj/„ C supp0„. By 
Lemma l3~7l we have that (v n ) -D-dominates (y n ), hence the vector y = ll^nllz/n 
satisfies ||y|| < D\\ J2ngj w n\\ — = D. Therefore 

d\\4>\\ > m = J2 

a n \\w n \\ > }^a n ipn(wn) > ^2a n ^ n (z)/2 > 1/4 

n^J n£J n^J 

□ 

Now take any block subspace Y,Z C X* . Pick inductively infinite normalized 
block sequences (</>„) C Y, (ipn) C Z such that 
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(1) HVViHoo < e n , where e n is chosen by Claim [3] for S — c/4" +3 (# supp </>„) 2 
and a — 1/4", for any n, 

(2) \\4> n+1 1| oo 

< e' n , where e' n is chosen by Claim[3]for 8 = c/4™ +3 (# suppi/'n) 2 
and a = 1/4", for any n. 
Then by Claim[H (</>„) 4D-dominates (ip n ) and (V>n) 4D- dominates (<f> n +i). Now 
split N into intervals I\ < I2 < ■ ■ ■ such that || Ene/ — ^ an d || Enez "0n|| > 
2 J (this is possible, since X* does not contain Co). The following Lemma ends the 
proof of the first part of the Theorem: 

Lemma 3.8. Let X be a Banach space. Take normalized 1 -unconditional basic 
sequences (u n ),(v n ) C X so that (u n ) dominates (v n ), (w n +i) dominates (u n ) and 
sequence I\ < I2 < ■■■ of intervals o/N such that || Ene/ u «l — ^ > II Ene/^ v n\\ > 
2K Let yj = £„ eJ . u n /\\ Y.nei, u n\\> Zj = E n e/j u ™/ll Ene/, "n|| for any j G N. 
TTien (yj) and (z.,-) are equivalent. 

Proof of Lemma. Let D > 1 be the domination constant. Notice first that 

11 E u «ii ^ ^11 E u «ii 

and 

II E U "H - D H E ""+ 1 !! - D H E W "H + ^K 1 ax/ J + l|| < 2£>|| E «n|| 
nElj n £lj n £lj n£lj 

Hence, by (u n ) dominating (v n ), for any scalars (aj) we have 

iiE«^ii <2£> 2 iiE a ^n 

j i 

To see the other domination take (aj) with ||Ej a j z jl = 1- Then, by (v,i+i) 
dominating (u n ), we have 

iiE^ii <E(i^"i/n E w «ii) + nE a j( E u «)/ii E u "im 

j j nelj j ne/j\(ma}[/j} nE/, 

< l + 2L> 2 ||E a i z ill < 3£)2 

J 

□ 

In order to show the second part of the Theorem in case of space X we prove 
the following 

Claim 5. Let inf „ c„ = c > 0. Take a normalized block sequences (u n ), (v n ) C X 
with || u n || oo — > and ||i>n||oo —> 0. Then if the mapping v n — > ti„ extends to a 
bounded linear operator T then there is an infinite dimensional subspace Y of [u n ] 
with T\y an isomorphism. 

Proof of Claim. Take (u n ), (v n ) as above. Assume that T defined as above is 
strictly singular. Pick inductively subsequence [u in ] and (vj n ) such that ||uj„||oo < 
c/16(# suppw^J and ||Mi n+1 ||oo < c /16(#suppfj ?l ). Then by Lemma 13.71 (vj) 
dominates (i>j n ), hence also (ui n ), and (ui„ +1 ) dominates (vj n ). Denote the operator 
carrying each Vi n to Ui n by T'. As a composition of a strictly singular operator and 
a bounded right-hand shift operator T" is also strictly singular. 

On the other hand we can consider averages yj = Erie/ u inl\\ Enei w <»IIj z i = 
Ene/j w i re /ll Ene/j U «JI f° r some sufficiently long (Ij). Then by Lemma l3~8l (j/j), 
(zj) are equivalent and moreover 

i/£>'< 11 e^ii/iiE^h^' 



16 



ANTONIS MANOUSSAKIS AND ANNA MARIA PELCZAR 



for some D' > 1. Hence T' restricted to [zj] is an isomorphism, which gives con- 
tradiction. □ 

The case of the dual space X* follows analogously, by using Claim 01 □ 

4. GjUASIMINIMALITY IN MIXED TSIRELSON SPACES T[(S n ,8 n ) n ] 

Notice ([2]) that any mixed Tsirelson space T[(Sk n ,9 n ) n ^], with 9 — > 0, is 
isometric to T[(S n ,9 n ) n& ^\, where 

l ~> 
^ n e N 



9 n = Sup I Y\_ Qrii ■ ^ Tlj > n \ 

U=l 8=1 J 



Notice that in such case the sequence (9 n ) satisfies 9 n \ and 9 n + r 
any n, m € N. We will assume in the paper that we work in such a setting. 

Definition 4.1. [2] A mixed Tsirelson space T[(<S n , # n )„ e pf] is called regular if 
9 n \0 and 9 n+m > 9 n 9 m for any n, m £ N. 

Notation. Take a regular mixed Tsirelson space T[(S n ,9 n )'^' =1 ]. Then there exists 
9 = lim„#„ " = sup n On " £ (0, 1]. We will use the following notation: 9 n = c n 9 n , 
with c n € (0,1], n £ N. // c„ = 1 for some n 6 N then T[(S n , 9 n )] is isomorphic to 
Tsirelson space T[S\,6\. 

4.1. Two lemmas for the Schreier families. We prove first technical lemmas 
needed in the sequel. 

Lemma 4.2. Let k,m £ N and I £ N such that km < 2 l . Then 

(S n [A k ])[A m ] C Ai[S n ] for any n £ N. 
Proof. We prove the result by induction on n. For n — 1 we have 

[Si [A]] [An] = SliMAm]} = 5i[Am] 

Let j < mi < ■ ■ ■ < rrij and 

for every i = 1, . . . , j. We set G — {Ai, . . . , Afc m j}. From the assumptions we have 
that j <G. 

For i = 1, . . . , I consider the sets 

F i = {2 i - 1 j,2 i - 1 j + l,...,2 i j-l} 

Each of the sets Fj, i < I belongs to the family Si since #F < minF,;. We may 
write G C Ui=i Q where Gi — {\ r -j+i ■ T £ F} for i < I. Then each Gi is a 
spreading of F, and hence belongs to the Schreier family Si. Thus G £ Ai[Si]. 

Assume that the result holds for n, i.e. [5„[A]][-4 m ] C A[5„]. Then we have 
that 

[Sn+l[A k ]][A m ] = Si[S n [A k ]][A m ] C Si [Al [S n ]\ c MS n+ i} 

The last inclusion follows immediately from the associativity of the operation M[N] 
and the fact that A[<5 n ] = (S n ) 1 - D 

Lemma 4.3. Let F £ S m and (Fj)f =1 be a partition of F into successive sets such 
that for every i < d, Fj £ S mi \ S mi -i for some mi < m. For every i < d let 
Gi £ S„ H -i (in case rrii = let Gi £ So) with G± < ■ ■ ■ < Gd- Then we have the 
following: 

(1) if 3 max Fj < min G;+i for every i = 1, . . . , d — 1, then Ui=2 Q e ^™ an d 

UtiGi e A 2 [S m ], 

(2) if 2 max Fi < min Gi for every i — 1, . . . , d, then [J i<d Gi £ S m . 
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Proof. We prove the first part by induction on m. For m = 1 the result is clear 
since Gi G So and also for i > 2, Gj > minF. 

Assume that the statement holds for m, and let F G S TO +i and {Fi)f =1 be a 
partition of F into successive subsets. 

We have also that F = \J° =1 Ai where A; G S m and k < A\ < A 2 < ■ ■ ■ < A&. 
Let Q = {j G {2, 3 . . . , d} : Fj C AJ for i = 1, . . . , fc. We have that Fj G 5 m for 
every j with C A4 for some i. From inductive hypothesis we get that 

Ui = Gj G ^[Sm] for every i < k. 

Let J7i = Ui t i U with t/^i < Ui^ in <S m , Let us observe that we have 2>k < Ui t i 
for every i = 1, . . . , k. 

Consider also B = {j < d : Fj is not contained in any Ai}. It follows that 
#_B < k and therefore C = {U^x, Ui^ ■ i = 1, • • • , k} U {Gj : j € 5} contains 
at most 3fc elements of £> m with 3fc < minsupp G2 < minsupp C and therefore 
U£ G Orn+l- 

Since £ contains all Gj except Gi we get that 

\J{G r . j < d} e A 2 [S m+1 }. 

The proof of the second part follows similarly, in a shorter way, since we don't need 
the partition of sets Ui into elements of S m and treating separately the set G\ . □ 

4.2. The quasiminimality. We assume that in the whole section we work with a 
regular mixed Tsirelson space X = T[(S n , 9 n )ne®]- 

The arguments to prove the quasiminimality of the space X will follow the 
arguments we use for the p— spaces, showing the existence of special averages and 
forming from them equivalent sequences. 

We will need averages of a certain type, playing the role of ^—averages in 
p— spaces. The major tool providing these averages is Lemma 4.11 [2] stated in 
general case, however with a proof in [2] requiring an additional assumption - that 
the sequence (c„)„ is decreasing. Thus we need this assumption in the proof of 
Theorem I4.10[ and we use it only when applying Lemma 4.11 [2]. Therefore any 
mixed Tsirelson space T[(S n ,O n ) n ] in which Lemma 4.11 holds, is quasiminimal. 

Let us mention that as observed by the first named author and D. Leung (pri- 
vate communication) the proof of the main result of [2] on distortion of spaces 
T[(S n , 6 n ) n ] with c„ — > can be adapted to work in all cases just following the 
proof of the main result from the preprint version of [2] in arxiv.org. 

In order to have an analogue to Lemma l2~4l we shall use the auxiliary space X^ = 
T[(S n [Ak\,O n ) n ], keK.lt follows readily from the definition that || • || x < || • \\x„- 
In the next lemma we prove that the spaces are isomorphic. 

Lemma 4.4. The spaces X and X^ are (k + 1) -isomorphic. 

In particular for every functional f in the norming set of X^ there exists (k + 1) 
functionals </>!<■■•< 4>k+i in the norming set of X such that f — 4>i + ■ ■ ■ + 4>k+i 
and the restriction of the tree-analysis of f to the support of (pi gives a tree-analysis 
of<f>i,i = l,...,k+l. 

Proof. We prove it by induction on the height of the tree- analysis. If / = 6 n J2ieA e ii 
with A G S n {Ak], then by Lemma l4~2l A G ^+i[5„] hence A = A\ U • • • U A k+ i 
for some At$, from <S n , hence <pt = On J2ieA t e i 5 ^ — 1, . . . , fc + 1, give the desired 
partition. 
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Now take f — n Y^ieA fi f° r some A G <S n [-4fc] and some norming Junctionals 
(fi) of Xk. By inductive assumption 

/ = On )S<t>i,i H 1- <i>i,k+x) 

for some norming functional (4>i,j)ieA,j=i,...,k+i of X. 

Since (fi)ieA ls Sn[»4fc]-admissible and k(k + 1) < 2 fe+1 , Lemma 14.21 yields 
{<l>i,j)ieA,j=i,...,k+i is -4fc+i[5„]-admissible. Therefore there are some Gi, . . . , Gk+i 
such that (4>ij)(i,j)eG t 1S 5„-admissible and setting <f> t — n J2(i j)eG t 0*>J ^ or * 

I k ■ I we get (k + 1) functional <j>\ < ■ ■ ■ < (j)k+i in the norming set of X 

with 4>i H 1" 0/c+i = /• 

It follows that |/(it)| < (k + 1) max{|(/>i(u)|, . . . , for any it G X. The 

restriction of the tree-analysis of / to the support of each <fi t gives the tree-analysis 
of (j>t in X with the desired property. □ 

We prove now an analogue to Lemma l2~4l 

Lemma 4.5. Take a functional 4> from the norming set of X and any finite block 
sequence (v n ). Set v — ^2 n v n - Then there is a functional <fi' with the tree-analysis 
(0j)tgT' comparable with (v n ) andA(j)'(v) > 4>{v). 

Proof. For the proof we consider the auxiliary space X% . Take cj> in the norming set 
of X with a tree- analysis (<fi t )teT- For any t G T set I t — {ra : v n is covered by cf) t } 
and set for every n G It, Jt.n = {f£ succi : range <j) r n range v n ^ 0}. 

Observe that every r £ succt belong to at most two sets J tj „, say Jt, n j , Jt,n%- So 
we can split each supp <f> r into three norming functionals of X with a tree-analysis 
comparable to (v n ): (^> r )|suppu„r! (0r)|suppu„r and the remaining part. 

Applying the above argument for all t G T with I t ^ and r G succi, start- 
ing from the root and moving "downward" the tree, we produce a tree-analysis 
comparable with (v n ) of some functional / in the norming set of X 3 . 

By Lemma 14.41 the functional / of X% can be represented as the sum of four 
norming functionals 4>i < 4>2 < 4>3 < 4>a of X such that restriction of the tree- 
analysis of / to the support of each 4>i gives the tree-analysis of 4>i. Therefore 
each 4>i has a tree- analysis comparable with (v n ). To end the proof pick <ff from 
{4>i, . . . , (f} 4 } satisfying <f/(v) > 0(w)/4. □ 

We recall now the notion of averages given in |2j, Definition 4.5, with simplified 
notation. Averages of this type, called special convex combinations, were also used 
in studies of mixed Tsirelson spaces in particular in [4j HH [13] . 

Definition 4.6. [2] Fix M e N, e > and take a block sequence (x n ) C X . We say 
that x G X is an (M, s) average of (x n ) given by an averaging tree T — (x h:, ).J. Q \ =1 
on X if 

(1) 1 = N M < N M -i <---<N , 

(2) x = x 1,M is the root of T, the sequence {x t '°)^ 1 of maximal nodes of T 
form a subsequence of {x n ), 

(3) succa; 1 '- 7 = (x s,:l ) S Qi i . for some non-empty interval Ii.j C {l,...,Nj} 
with (x s ' J ~ )seiij a block sequence Si-admissible with respect to (x n ), for 
any j = 0, ...,M, i = 1, . . .,N jt 

(4) x hj = £7- SsG/i ■ xS ' j ~ 1 , where k it j = for any j = 0, . . . , M, i = 
1,...,N-'! 

(5) k hj > 6 • 2 2+ W- 1 e- 1 , k itj > 6 • 2 1 + 4 +^- 1 £- 1 maxsuppx i - lj for any i = 
2, '■ ■ ■ , Nj, j = 0,..., M. ' 
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Remark 4.7. Recall that by Proposition 4.7, [2], for any normalized block sequence 
(x n ), M € N, e > there is a (M, e)— average of (x„). 

Lemma 4.8. For any block subspace Y of X , any S > 0, e > and any M 6 N 
i/iere is a normalized block sequence (xi) C Y and a (M, e) — average x of (Xi) given 
by an averaging tree T — [x % ' 3 )jJ. Q | =1 suc/i that for any j = 1, . . . , M we have 

Wx^W > i = l,...,Nj 

Proof. We use the standard argument as in Lemma 2.8 (4|, Lemma 4.12 [2]. Assume 
the contrary and pick any normalized block sequence (x n ) in Y and let (j/ n ,i) be a 
block sequence of (M, e)— averages of (x n ). Let any y ni i be given by a tree (Xn\)i t j. 

For any n there is some 1 < j'n.i < M and i n ,i so that \\x"i ' Jn ' 1 \\ < (1 — 5)i™- 1 9 : > n - 1 . 
Hence there is an infinite iVi C N and some 1 < J\ < M so that j n ,i — J\ for any 
n e Ni. 

Let z„ = x % ™i ' Jl /\[X % n'i ' Jl || for any n g JVi. Let {y n ,2) be a block sequence of 
(M, e)— averages of (zn)neJVi, each y n< 2 given by an averaging tree {x l ^ 2 )i,j- Find 
some infinite N2 C 2Vx, some sequence of integers (i n ,2) and some 1 < J2 < M 
so that \\x l ™;l' h \\ < (1 - <5) j2 6l j2 for any n G iV 2 . Notice that by definition of 
averages each x tn - 2,j2 is a convex combination of some S,j 2 -admissible z„'s, and recall 
that any x t J f 1 is a convex combination of some Sj t -admissible 
Sfc£F„, 2 afca;fc ' for ( a; fe)*:eF„, 2 5,/ 1+ j 2 -admissible and J2kcF n , 2 a k > (1 - 5)~ Jl 6~ Jl ■ 
Normalize (V"' 2 ' J2 ) and continue in this manner. 

After to steps we end up with a vector x — a^m ' m (first of some sequence) so 
that ||a;|| = H^i^m" 7 "'!! < (1 — 8) Jm 9 Jm . On the other hand, x = J2keFr m a kXk, for 
some (xk)keF lim <S./iH \-j m -admissible and 

Ofc > (1 - ( 5)-( Jl+ - +J '"- 1 )^( Jl+ -+ J '"- 1 ) 

Hence we get 

(1 - 6) J ™9 J ™ > 9 Jl+ ... +Jm (l - 5)-i-h+-+J m - 1 ) 9 -(.h+-+J m -i) 

which yields 9j 1 ^ < (1 — 5) Jl ^ ^- J mffJi-\ VJ m ^ wn i cn s i nC e Ji > 1, for large 

to contradicts the definition of 9. □ 

Now we are ready to prove the existence of special (M, e)— averages in all block 
subspaces of a mixed Tsirelson space. Recall that this fact is well-known and used 
in case of 9 = 1, e.g. [2 nU [LI [TJ] . 

Corollary 4.9. Let X = T[(<5>„, 9 n ) n ) be a regular mixed Tsirelson space with the 
sequence (f^) n decreasing. Then for any block subspace Y of X and any M e N 
there is a vector y G Y with \\y\\ — 1 such that for any < j < M 

46»r 1 0- j - 1 > sup l^ll^ll : (Ei) - Sj admissiblej > 9 1 9 1 ~ : > /4 

Proof. Pick the (M, e)— average x of (x n ) provided by Lemma l4~8l for S with (1 — 
S) M > 1/2 and e < 9 M ~ 1 9 M . It is enough to show that 

29 M - X > \\x\\ > 9 1 9 M - 1 /2 
2e M -i~ l > sup \\ E i x \\ : ( E i) ~ S i admissiblej > 6 M ~ j /2, j = 1, . . . , M 



The lower estimate for j = 1, . . . , M is provided by Lemma I4~8l Let x be given by 



tree (x l ' : ')ij. Notice that for any j = 1, . . . , M — 1 we have x — Yli=i 3 a 



M-j n 3„i,M-3 
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for some (a?) C [0, 1] with a\ = 1 and (a:*'^')^"^ is S r admissible, which 

ends the proof. For j = it is enough to use estimation for j = 1 and definition of 
the norm. 

The upper estimate for any j = 1, . . . , M follows from the proof of Lemma 4.11 
(7), [2], in case (jk) n decreasing, for N — 1. The upper estimate for j — 0, i.e. 
the estimate of ||x|| follows again from the proof Lemma 4.11 (6), [2], in case (f^)„ 
decreasing, for N = 1, J = M, i = l. □ 

Thanks to more complex structure of families (S n )n£N> which can "absorb" fam- 
ilies A n as it is reflected in Lemma |4~2"1 the construction of equivalent sequences in 
the spaces T[(S n , n ) n ^] is simpler than the one in case of p— spaces. Namely in 
p— spaces case we produce equivalent sequences from averages of averages. Now 
the equivalent sequence consist simply of "special averages" provided by Corollary 

Theorem 4.10. Any regular mixed Tsirelson space X — T[(S n ,0 n ) n ^], with the 
sequence (f^)n decreasing, is quasiminimal. 

By Corollarv l4.9l in order to prove the Theorem it is enough to show the following 

Lemma 4.11. Let (y n ), (z n ) C X be normalized block sequences satisfying for some 
(m n ) C N the following: 

(1) 2maxsuppy„ < z n and 3maxsuppz„ < y n +i for any neN, 

(2) y n and z n satisfies the conclusion of Corollary \4-9\ with M = m n for every 
n e N, 

(3) ^m„ + i maxsuppz„ < 2~™, 6 mn+1 maxsuppy„ < c 2r n for any n 6 N. 
Then (y n )n (ind (z n ) n are equivalent. 

Proof of Lemma \4-ll\ We show first that (z n ) n dominates (y n )n with constant C — 
(4 • 2) ■ (2 • -Aqs)- Take any scalars {a n ) ne o- We shall use again the auxiliary space 
X 2 = T[(S n [A2], n ) n . Namely for every functional in the norming set of X with 
a tree-analysis {4>t)teT comparable with (y n ) we shall produce two functionals /i, /a 
in the norming set of X^ such that 

(4.1) <X]T a n y n ) < (2 • + / 2 )(^ 

neD 1 neD 

By Lemma l4~4l and Lemma 14751 this will prove that || ^2 n a n y n \\ < C\\ J2 n anZn W- 
For every t € T we set 

D t = {n e N : supp <f> t n supp y n = supp 4> H supp y n } 

and as usual I t = {n e D t : <f>t covers y n }. 

We shall produce inductively (on level of t £ T) for any (6T two functionals 
ft.i < ft,2 in the norming set of X 2 with supports contained in lj{supp z n : n £ D t } 
such that l|4.ip holds for cj>t, Dt and /t,i, fta- 

Assume t is maximal, then <f>t — e* for some uq. If D t = let ft t i = ft, 2 = 0, 
otherwise D t — It — {n} and let ft,\ be the norming functional of z n in X, / tj2 = 0. 

Assume that we have chosen suitable pairs of functionals for any functionals on 
the levels 1 + 1,1 + 2,... height(T) and take (fit on level I. Let 4>t — 9k X) sesucc t 4>s- 
As usual for n € It we set J n — {s G succi : supp0 s C range y n }. 

CASE 1. k < m n for every n £ It. 

Then if (^> s )seJ„ ls Sk n ~ and not Sfc„-i -admissible by condition 2. in choice of 
(y n ) we get 

s6J„ 
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Hence by condition 2. in choice of (z n ) we can take an Sk n -i -admissible set of 
functional (ipu)uev n from the norming set of X with supp?/^ C suppz„, u E V n , 
such that 

4 2 

E MVn) - 02Q3 E ^u(Zn) 

se.J n 1 uev n 

>From the inductive hypothesis for every s E succi such that D s ^ we have take 
two suitable functionals f Si i < f s ,2 with supp /■,,!, supp/ Sj 2 C {suppz„ : n E D s }. 
From Lemma l4~3l fb) we get that the set 

{supp-0 M : u E V n ,n E I t } U {supp/ S! i : D s ± 0} 

is iSfc-admissible and therefore the sequence 

\J{^u-ueV n }u \J /., a } 

n£it sSsucc t:D s ^$ 

is 5fc[^42]-admissible. It follows that 

/t,i = ** EE^« + E (/-,i + /-,a) 

is in the norming set of the set of the space X 2 and 

42 

M E y«) - 02Q3hi( E a " 2 ")- 

ndD t 1 n£D ( 

In this case we set ft ,2 = 0. 

CASE 2. There exists n E It such that m„ < k. 

Then let uq be the unique n £ It such that m„ < k < m n+ i. For every n £ D t 
with n < no we have 0fc maxsupp(y„) < 2~™ so with error max |a n | XmGDt n<n 
we can erase this part. 

As usual we compare 4>t(a no y no ) and 4>t(J2i t 3n>n a nVn)- If the second term 
dominates the first one we proceed as in Case 1, but multiplying by 2 the estimation 

of <MEne/ t a n y n )- 

If the first term dominates the second one, take the functional 

ft.2 — 9k E C/s>l + fs,2)- 
s€succt:Z? s ^0 

Since the set {<fi s : D s ^ 0} is admissible, it is clear that ftp, is in the norming 
set of X 2 . Now take a functional ft,i that norms z no in X. Of course we may assume 
that range /t,i C range z no . We also have that ft t i < ft,2 since we have delete all 
z n for n E D t and n < uq. Hence we have produce two functionals ft.i < ft,2 in 
the norming set of X2 satisfying the desired conditions. 

We prove now that (y n ) n dominates (z n ) n in an analogous way. 

Fix scalars (a n )„ 6 D. Take any norming functional <f> and assume by Lemma [4751 
that 4> has a tree-analysis (<fi t )t£T comparable with (z n ). 

For every t E T with D t — {n : supp^t n suppz„ = supp^ fl suppz„} ^ we 
shall produce two functionals f t .i < ft 2 m the norming set of the space X 2 such 
that supp/ t ,i,supp/ t ,2 C U{suppy„ : n E D t } and 



t( E a « z «) - C (ftA + h.2) E a ™ y ™ 

n&D t \n£D t ) 
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If t is maximal we proceed as in the previous part. Assume we have done it for all 
teTin levels I + 1, . . . , height(T). Let <f> t = k X^esucct <^> for some {4> s : s £ 
succt} — Sfc-admissible. 
We set 

It = {n £ D t : (f> t covers z n } and B = {s £ succi : D s ^ 0}. 
For every n £ I t we set J n = {s £ succi : supp0 s C range y n }. 

CASE 1. k < m n for every n £ I t . 

We have that succt = \J neI {s : s £ J n } U U s es{ s }- By condition 2. of choice 
of (y n ) and (z n ) for every n £ It we choose {ip u : u £ V n } and <5>fc„-i -admissible 
set, where Sk„ is the admissibility of the set{<fi s : s £ J n }, such that 

4 2 

sej„ 1 uev n 

By Lemma 1431 we get that the set 

(J {^u ■ u £ V n } U {f sA :s£B} 

nel t 

is A% [<Sfe]-admissible. Therefore we have partition the set 
|J : u £ V n } U {f. A : s £ B} 

= ({Va, : u £ V x } U {/ s ,i : s £ B x }) U ({?/>„ : u £ V 2 } U {/ s ,i : s e S 2 }) 
into two successive <Sfc-admissible sequences. Therefore the functionals 

hi = 0k(Y.^+J2 + /*)) . * = !> 2 

are from the norming set of A 2 , satisfying the desired estimation. Indeed 

<M 51 a™z„) = 8 k 22 ^ <Ps{anZn) + 8k 2J 0«( X! a « z «) 

< ^fc ^ ^ Ci/} u (a n y„) +0 k ^2 C (hA + /*.2)( X! a ™^«) 
= C(/ t ,i + / t , 2 ) I ^ a„y„ J . 

\neD t / 

CASE 2. There exist n £ It such that m n < k. 

Take no = max{n : m n < k}. By condition 3. in the choice of the sequences 
(Vn), (z n ) we can erase the y n , n < n , n £ D t with error J2neD u n<n l a nl 2 ""- 

Now we compare t (a„ o z„ o ) and k J2i t Bn>n S se j„ 4>s(a n z n )- Assume that the 
first term dominates the second. It follows 

0t (^no Zno 

In this case we take a functional hi that norms y„ and we set 

ft.2 = 9k / j(/a,l + /s,2)- 
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It is clear that ft t i < ftp and by Lemma [4.31 we get that {/ s ,i : s £ B} is in- 
admissible hence ftp is in the norming set of X%. Therefore 

<M X a n z n ) = 4> t (a no z no ) + 9 k ^2 X] ^( a « z «) + ®k X! X! a ™ z ") 

n6-D< n <n£l t seJn seB neD s 



< 2tfi t (a no z no 

seB 7ieD s 

a n Un 



sGB neD 3 



= c(f t ,i + ftp) [ ^2 a ™^« J 

\neD t ) 



If the second term dominates the first one we repeat the argument by multiplying 
the estimation on <f>t(Y^ n ei a n z n) by 2. □ 



Remark 4.12. The reasoning presented in the proof of Theorem l4,10l can be adapted 
in case of 9 = 1 to obtain a version of Proposition 5.7 [17], giving equivalence of 
(y n ) of long "special" averages to some subsequence of the basis - it is enough to use 
the fact that in this case unit basis vectors (e„) satisfies the assertion of Corollary 
l4~9l 



Remark 4.13. Notice that as in the case of p— spaces the above proof provides in 
every block subspace of X some subsequentially minimal block subspace. Indeed 

any block sequence of vectors of the form (y± H h yjv)/||yi H + Vn\\, where 

yi, . . . , yjv are chosen as in the beginning of the proof of Theorem l4.10l for arbitrary 
big N and mi, . . . , mjy, spans a subsequentially minimal subspace. 

We recall here that by Theorem 35 [13] if < inf c n < sup c„ < 1 then the space 
X = T[(S ni 9 n )n] fails to be a subsequentially minimal space in a strong way: X 
is saturated with block subspaces in which no block sequence is equivalent to a 
subsequence of the basis. It was also shown that the assumption sup n c„ < 1 is not 
necessary to have the property described above. 

5. A NOTE FOR THE QUASIMINIMALITY OF THE DUAL SPACES 

In this section we give a general result which allows to transfer the minimality 
and quasiminimality properties from a space to its dual space. 

Theorem 5.1. Let X be a Banach space with shrinking basis (e„)„ e N and let 

(cc* )neN be a block sequence of (e* )„ such that there exist a block sequence (x n ) n of 
the basis such that 

(1) < \\x n \\ < 1 + e and x* n (x n ) = 1. 

(2) m\\ J2 n a n e k„\\ < II J2n a nX n \\ < M\\ J2 n a n e kn \\ for some k n -> oo. 

(3) The map P : X — > [x n ] defined by P(x) = ^2 n x^(x) bounded pro- 
jection. 

Then is equivalent to the subsequence {e* k ). 

Proof. From the inequality || J2 n a n x n\\ < M|| J2 n a ne kn \\ it follows that 

\\J2c n e%J < M\\J2cu<\\ 

n n 

For the converse inequality let x £ Sx be such that J2 n c nX* n {x) > (l+e) _1 || J2 n °n x *n\ 
We have that 

11 5>;(*)e*ji ^ iiE<(^»n = W p W\\ ^ w p w 
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It follows that 

n n rn 

= ||P|r 1 ^ C „<( 2 ;)>((l+e)||P||)- 1 ||^ C „<|| 

n n 

□ 

Corollary 5.2. The dual space of Schlumprecht space S = T[(An, 1/ log 2 (n+ l)) n ] 
is minimal $9\). Dual spaces of mixed Tsirelson spaces T[(S n , n ) n ] with sup9l/ n 
1 are quasiminimal. 

Proof. In order to prove the Corollary we recall the following 

Definition 5.3. Let X be a Banach space with a basis. A normalized vector x 
is called a (1 + e) — Cq — average, if x = Y^,k=i Xk f or some finite block sequence 
( x k)k=i w tth (1 + £ ) _1 — ll^fcll — 1 f or a ll k- 

Remark 5.4. Assume X is a Banach space with a shrinking unconditional basis. 
With any (1 + e) — Cq — average x* — Ylk=i x *k ^ ^* we can associate (1 + e) — 
l± — average in X in the following way: for every k pick a normalized Xk G X 
be such that suppxfe = suppa^ and x* k (xk) = \\%%\\ > (1 Then the vector 

x = Ylk=i x k/\\ ^2k=i Xk W ls — ^—average, since for any non-negative scalars 

( a k)k=i we have 

N 

|| ^afeXfell > x*(^2a k x k ) = ^a k x* k (x k ) > (1 + e) _1 J^a fc . 

Definition 5.5. [6] Let X be a Banach space with the basis (e^keK- Let e > 
and j G N, j > 1. A convex combination J2keF a k e k of the basis (efc)fegN is called 
an (e;j) basic special convex combination if F G Sj and J2keG ak < e / or et,er 2/ 

GeSj-x, ' 

Lei (xfe)fc 6 N 6e « 6/ocA; sequence. A convex combination J2keF akXk °f se ~ 
quence (xk)k&i is called an (e;j) special convex combination ({s;j) s.c.c.) of 
i x k)kefi tfJ2keF ake tk (where tk — minsuppxfc for each k) is an (e;j) basic special 
convex combination. 

In order to apply Theorem HU] we need the following result. 

Lemma 5.6. Let e G (0, 1) andY* be a subspace of S* , the dual space to Schlumprecht 
space. Then for every N E N there exists a (1 + e) — Cq— average z* el", 

Let e G (0, 1) and Y* be a subspace of the dual space of a mixed Tsirelson space 
X = T[(S n , 6 n ) n ] with sup#„ " — 1. Then for every N G N there exists an (s,N) 
s.c.c. z = J2ieF a i z i e X and z* G Y* with z*{z) > 1 — e. 

The above Lemma for mixed Tsirelson spaces T[(S n ,8 n ) n ] has been proved in 
[6], Proposition 5.4. For Schlumprecht space this lemma appeared in [9], Prop. 5. 

We are now ready to complete the proof of the corollary. 

Let (zl) be a block sequence of 2 — c^ fc — averages in the block subspace Y* of 
S* and (zk)k be the sequence of the associated ^f fc — averages (Remark 15. 4j) . Wc 
assume that the sequence Nk is fast increasing. By (3j, see also [17j . the sequence 
{zk)k is equivalent to the basis of S and moreover spans a complemented subspace 
of S. Theorem 15.11 implies the result for the space S. 

For the mixed Tsirelson spaces the analogous properties of a rapidly increas- 
ing sequence of s.c.c. averages have been proved for example in [17], thus again 
application of Theorem 15.11 finishes the proof of Corollary. □ 
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Remark 5.7. The dual spaces of the spaces T[S a ,6] are minimal. Indeed, we use 
the following result: 

Proposition 5.8. [15J Let normalized block sequences (x n ), (y n ) C T[S a ,6] be such 
that x n < y n < x n +\ (n G Nj. Then (x n ) and (y n ) are 248~ 2 -equivalent. 

Standard dual argument yields that the same property holds also in the dual 
space i.e. if any normalized block sequences (x* )„, (y*)„ C T[S a ,8] with x* n < 
y* < a;* +1 ,rt G N are equivalent. Now since Co is block finitely represented in the 
dual space T[S a , 6]* we follow the proof of [8 J for Tsirelson space T[S\, 9] to obtain 
the minimality. 
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